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Abstract
The strength of a polycrystalline alumina containing controlled scratches intro-

duced by translated sharp contacts is investigated and described by a multiscale

fracture mechanics model. Inert strength measurements of samples containing

quasi-static and translated Vickers indentation contacts showed that scratches

degraded the strength at normal contact loads an order of magnitude less than

those for quasi-static indentation. The fracture mechanics model developed to

describe strength degradation by scratches over the full range of contact loads

included toughening effects by crack-wake bridging at the microscale and lateral

crack-based residual stress relaxation effects at the mesoscale. A critical element

of the model is the nonlinear scaling of the residual stress field of a scratch with

the normal contact load acting during scratch formation. The similarities and dif-

ferences in the scratch model in comparison with prior indentation-strength frac-

ture mechanics models are highlighted by parallel development of both. Central

to the scratch model is the use of easily controlled normal contact load as the

scratch-strength measurement variable. Scratch length and orientation are shown

to have significant effects on strength. The distributions of scratch widths control-

ling the intrinsic strengths of as-received samples are determined and agreement

with the observed scratch dimensions is demonstrated.
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1 | INTRODUCTION

A recent work1 demonstrated a multiscale fracture mechan-
ics approach to describe ceramic strengths. In particular,
for strengths controlled by sharp contact flaws, an analysis
was developed that tied together meso- and microscale
effects into a single fracture mechanics framework. At the
mesoscale, the framework included the decrease in contact-
induced residual stress fields by stress-field relieving lateral
cracking and chipping with increasing contact size. At the
microscale, the framework included the increase of material
fracture resistance with increasing crack length by the for-
mation of microstructurally based crack-closing tractions.
Through the use of an effective contact load, the inert

strengths of a wide variety of ceramics were described over
the full micro-plus-meso flaw-size range. The multiscale
framework was shown to be extremely effective in describ-
ing the range of strength behaviors of polycrystalline alu-
mina (Al2O3), a ceramic material that exhibits pervasive,
but material-specific, lateral cracking and microstructural
traction effects.

The flaws used to demonstrate the fracture mechanics
framework were Vickers indentation contacts, shown in the
schematic diagrams of Figure 1A,B. The flaws consist of a
square-outline residual contact impression imbedded in a
localized, almost hemispherical, plastic deformation zone.
The strain mismatch between the plastic deformation zone
and surrounding elastically deformed matrix leads to a
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residual stress field in the matrix that drives two crack sys-
tems. The first crack system consists of two crossed, almost
semicircular, half-penny cracks propagating perpendicular
to the surface,2 Figure 1A. The second crack system con-
sists of an almost circular lateral crack propagating pre-
dominantly parallel to the surface,3 Figure 1B. There is a
threshold indentation load, typically a few newtons for
most ceramic materials, for the initiation of half-penny
cracks at Vickers indentation contacts. There is a larger
threshold load, typically a few tens of newtons, for the ini-
tiation of lateral cracks.4 The half-penny cracks control the
strength of a ceramic component containing a Vickers
indentation flaw,5,6 but the lateral cracks diminish the
indentation residual stress field acting on the half-penny
cracks. As a consequence, strength decreases are limited as
indentation load is increased.7 For many polycrystalline
materials, localized tractions behind the crack tip,8 shown
in the schematic diagram of Figure 2A, arising from unbro-
ken ligamentary bridges or frictional interlocks of grains,9

act to oppose the propagation of the half-penny cracks dur-
ing a strength test. There is a traction-free crack-propaga-
tion distance,9,10 typically a few tens of micrometers,

before the formation of such traction sites, which then
increase in number and restraining force as the crack prop-
agates, before eventually saturating at a steady-state
restraining influence. As a consequence, strength increases
are limited as indentation load (and hence crack size) is
decreased.9,11

The goal of the present work is to extend the integrated
micro- to mesoscale strength framework from point contact
flaws typified by sharp indentations to line contact flaws
typified by sharp scratches, as well as to investigate the
phenomenology of strength control by sharp scratches.
Schematic diagrams of such linear flaws are shown in Fig-
ure 1C,D. Linear flaws may be formed by a long, straight,
sharp wedge,12-14 a circular, sharp-edged disk rolled over a
surface,15-20 or, as will be considered here, a sharp indenter
translated over a surface to form a scratch.21-32 The loading
of the wedge, disk, or indenter is similar to that of the
point contact flaw, primarily normal to the surface. Plan
and cross-section images of the resulting linear flaws in
glass,12,20,21,24-26 single crystals,24-26,28 polycrystals,13,14,23-
27,29-31 and rocks12 all have similar features, Figure 1C,D,
all in common with the point flaw of Figure 1A,B: The

(D)

(B)

(C)

(A)

FIGURE 1 Schematic diagrams of cracking systems at contact flaws: (A) Semicircular half-penny cracks and (B) circular lateral crack at a
Vickers indentation; (C) straight median crack and (D) straight lateral crack at a sharp scratch. The straight cracks are formed by the extension of
the circular cracks (dashed lines) as a sharp probe is translated over the surface
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linear flaw has a rectangular-outline residual contact
impression imbedded in an almost semicylindrical plastic
deformation zone. The strain mismatch between the zone
and the surrounding matrix leads to a residual stress field
adjacent to the flaws, as verified by birefringence in cross-
polarized light microscopy,17,19,20 fluorescence shifts in
luminescence microscopy,31,32 and more recently by elec-
tron backscatter diffraction and confocal Raman micro-
scopy.33-35 The residual field drives two crack systems on
contact unloading. The first crack system is the single
straight median crack or median vent that forms beneath
the plastic deformation zone and propagates perpendicular
to the surface, Figure 1C. This is the crack system that
controls the strength of the component and is the intended
outcome of the use of a glass-cutting roller.18,20 The sec-
ond linear crack system consists of two straight lateral
cracks propagating almost parallel to the surface, Fig-
ure 1D. This crack system is often the most visible mani-
festation of a “scratch” on a brittle material surface,24 and
the system that controls “edge quality” on scored and bro-
ken glass components. As with point flaws, lateral cracks
influence the strengths of components containing linear
flaws by diminishing the residual field acting on the

median crack. The importance of (avoiding) lateral cracks
in ease of breaking scored glass and obtaining a clean bro-
ken edge is highlighted in commercial advice on the sub-
ject.36-38 For linear flaws in polycrystalline materials, the
microstructural traction zone acts in a straight line behind
the median crack tip, Figure 2B, as opposed to the semicir-
cle for half-penny cracks.

Here, we build on the work, primarily that of Kirchner
et al.,27,39,41-43 in consideration of the strength-degrading
nature of scratches, that is, how the strength of a compo-
nent decreases as an incorporated scratch becomes larger.
Following Marshall and Lawn,5,6 Kirchner et al.26,39,41-43

combined a stress-intensity factor (SIF) for the residual
stress field acting on a straight median crack at a scratch
(originally due to Swain and Lawn12) with the SIF associ-
ated with an applied stress to generate a fracture mechanics
analysis for scratch strength.39,42 This analysis was the
beginnings of the current framework, which extends the
early analysis with three now-recognized required exten-
sions:1 (i) mesoscale interactions between the median crack
and lateral cracks, Figures 1C,D; (ii) microscale interac-
tions between the median crack and microstructural trac-
tions, Figure 2B; and, (iii) the nonlinear scaling of the
experimentally controlled normal contact force and the
magnitude of the residual field SIF. The following section
describes the materials and methods used to demonstrate
the linear flaw strength framework, along with background
intrinsic strength and indentation dimension measurements.
The material is a polycrystalline Al2O3 and the primary
flaws are scratches formed by a translated loaded Vickers
indenter. This is followed by development of the
micro-plus-meso scratch strength framework, showing the
direct correspondence with the indentation strength frame-
work. Strength degradation results are then presented and
the effects of scratch length, orientation, and aging are con-
sidered, along with the methodology to estimate strength-
controlling scratch dimensions from intrinsic strengths. The
Discussion considers the generalizability of the approach.

2 | EXPERIMENTAL METHODS AND
BACKGROUND OBSERVATIONS

2.1 | Materials

The test material was a commercial polycrystalline Al2O3

(Coors AD995, Golden, CO) consisting of 99.5% by
weight Al2O3 with a grainsize of approximately 5 lm and
an as-sintered surface finish of approximately 0.9 lm (cen-
ter-line average).44 The material was obtained as cards,
125 mm 9 90 mm 9 0.65 mm, punched from a larger
green sheet prior to sintering. The top of the cards was des-
ignated the “A” side and the bottom of the cards, which
contained some defects from the punching and handling

f*

c

(B) Straight Crack

(A) Semi-circular crack

FIGURE 2 Schematic diagrams of microstructural restraining
tractions on crack surfaces: (A) Semicircular distribution on a half-
penny crack and (B) straight distribution on a median crack. The
tractions are modeled as line forces of magnitude f* imposed a fixed
distance d behind the crack tip
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operations, was designated the “B” side. Two sample
geometries were used: (i) 32 mm 9 32 mm for biaxial
flexure testing and (ii) 32 mm 9 8 mm bars for uniaxial
bend testing. Two sets of squares were formed: A-side
squares cut from the cards using a high-speed diamond
saw and automated robotic handling of the material with
the A-side facing the saw blade; and, B-side squares cut
from the cards using a high-speed diamond saw but manual
handling of the material with the B-side facing away from
the saw-blade and contacting the support platen. The B-
side squares were anticipated to contain greater surface
defects than the A-side squares. The bars were cut from
squares in both orientations using manual handling and
contained sawing damage on the sawn edges. Some squares
were polished to the 0.25 lm diamond level for
microstructural and contact damage investigation.

2.2 | Strength measurement

The test squares were loaded to failure using a flat-on-
three-ball biaxial flexure rig. Alignment pins were located
in the base of the rig such that the center of the square
specimens and the loading were co-linear. The radius of
the upper inner flat, li, was 2.5 mm and that of the lower
outer support circle, lo, in which the three balls sat,
15 mm. Failure stress, r, was calculated from failure load,
F, using

r ¼ kF=d2 (1)

where d is the specimen thickness. k is a geometry term
given by

k ¼ 3=2pð Þ 1þ mð Þ ln lo =l0ið Þ þ 1=2½ � þ 1� mð Þpl2o=2s2
� �

;

where m is the Poisson’s ratio of the material (here 0.2244),
l0i is the (thin-plate) effective inner radius,

li0 ¼ ð1:6l2i þ d2Þ1=2 � 0:675d;

and s is the edge length of the squares. Using the dimen-
sions of the rig and specimens given, the biaxial geometry
constant was calculated as k=1.39.

The test bars were loaded to failure in a four-point uni-
axial bending rig designed to minimize any torque on the
specimens. The upper span was 8.0 mm, the lower span
30 mm, and failure stress calculated from failure load using
Equation (1) and a uniaxial geometry term of

k ¼ 3=2ð Þ 2lo � 2lið Þ=b;

where here 2lo is the lower span, 2li is the upper span, and
b is the width of the bar. Using the dimensions of the rig
and specimens given, the uniaxial geometry constant was
calculated as k=4.13.

Strength tests were carried out under inert conditions,
using a piezoelectric load-cell to monitor the failure loads.
The failure times of approximately 30 ms prevented water
and other reactive species in the air from affecting crack
propagation during the tests. Figure 3 shows cumulative
failure probability as a function of biaxial failure stress for
the A- and B-side square samples prepared by automated
and manual sawing, respectively. The samples were tested
as prepared and the failure stresses thus represent the
intrinsic strengths of the samples. Failure for all included
biaxial flexure samples originated in the center of the ten-
sile face in the uniformly stressed region beneath the upper
flat. At least 50 strength tests were performed for each
preparation method. The resulting intrinsic strength values
were (A-side) (713 � 69) MPa and (B-side) (669 � 90)
MPa. (Unless otherwise noted, all quantities and uncertain-
ties are given in this work as mean � standard deviation
of experimental values.) The strength distributions overlap
considerably and although the A sides exhibited greater
strength than the B sides, there was not a significant differ-
ence in the mean intrinsic strength. The axes in Figure 3
are drawn such that straight-line behavior indicates a nor-
mal distribution of strengths. Both distributions in Figure 3
exhibit convex behavior, indicative of strength distributions

FIGURE 3 Cumulative failure probability as a function of
biaxial failure stress for polycrystalline Al2O3 containing strength-
controlling flaws intrinsic to the material and two different sample
preparation sawing methods [Color figure can be viewed at
wileyonlinelibrary.com]
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that contain more weaker, low strength, samples than a nor-
mal distribution. This is particularly evident for the manu-
ally sawn B-side samples. An implication is that defects
generated on the B sides of samples by contacts during man-
ual loading for sawing are significantly more severe than the
incoming defects on the A sides, but that there are relatively
few of these B-side defects. This point will be taken up in
the Results in the context of flaw-size estimation. A similar
strength distribution was obtained from uniaxial strength
testing of more than 100 as-prepared bar samples. The uni-
axial strengths were (645 � 85) MPa, less than the biaxial
strengths although the difference is barely significant. There
was no significant difference in uniaxial strengths between
A- and B-side bar samples. Failure for all included uniaxial
bend samples originated on the tensile face in the uniformly
stressed region beneath the upper span; for the as-prepared
bars, failure originated at or near the edge of the bar, sug-
gesting significant effect of sawing damage.

2.3 | Controlled flaws

Before strength testing, a controlled flaw was deliberately
introduced into the prospective tensile face of many of the
test specimens to reduce the strength below the intrinsic or
sawing damage limits. For the biaxial tests, the controlled
flaws were centered on the specimen under the loading flat.
For the uniaxial tests, the controlled flaws were centered
on the specimen between the upper span points. Controlled
flaws were introduced into the specimens using two tech-
niques: (i) Indentation using a Vickers diamond pyramid
(Indentation) and (ii) Scratching using a Vickers diamond
pyramid (Scratch). The scratch flaws were produced by
loading the specimen with the Vickers indenter and trans-
lating the specimen under the indenter via the specimen
stage controls. The translation speed was approximately
0.5 mm/s and translation was parallel to a pyramidal edge.

The advantage of such indentation and scratch flaws is
that the scale of the flaw may be controlled by the applied
normal contact load, P, here over the range (0.25-100) N
for the indentations and (0.013-5) N for the scratches. Fig-
ure 4 shows the variation of Vickers indentation contact
impression semidiagonal, a, as a function of P, measured
on polished squares; a schematic plan diagram of the
indentation contact dimensions is shown in Figure 5A. The
symbols represent the means and standard deviations of at
least four measurements at each load. The solid line is a
slope 1/2 best-fit to the data, consistent with constant hard-
ness:

H ¼ P=2a2 (2)

The value of H=(17.4 � 0.5) GPa was found, interme-
diate to polycrystalline Al2O3 materials with greater and
lesser Al2O3 fractions.

1,45

Figure 4 also shows the variation in the half-penny
crack surface-trace length, c, (measured from the impres-
sion center). The symbols represent the means and standard
deviations of eight measurements at each load above the
threshold load of 1 N. Over the domain of loads for which

FIGURE 4 Indentation crack length and contact impression
dimensions as a function of indentation load for Vickers indentation
of a polycrystalline Al2O3 [Color figure can be viewed at
wileyonlinelibrary.com]

P = 0.1 N
0.25 N
0.5 N

1 N
2 N
3 N

200 µm

wa
c

(B)

(A)

FIGURE 5 (A) Schematic plan view diagram of a static Vickers
indentation with crack length and contact impression dimensions
indicated and schematic plan view of a translating Vickers indenter
forming a scratch with track width indicated. The areas of the
indenter supported by the material during loading are shaded. (B)
Optical micrograph of scratch tracks formed by a translated Vickers
indenter on the surface of a polycrystalline Al2O3 using normal
contact loads indicated
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cracks were observed, the crack-length data are well-
described by a slope 2/3 dependence, consistent with a
constant toughness/crack geometry ratio:

Tair=v0 ¼ P=c3=2 (3)

Tair is the toughness in (moisture-containing) air and v0
is a dimensionless constant quantifying the effects of the
indentation stress-field and crack geometry in the absence
of any applied stress or consequent extension of the half-
penny cracks. The value of P/c3/2=(27.2 � 1.9) MPa m1/2

was found, slightly less than values observed for other
polycrystalline Al2O3 materials in an inert (moisture-free)
environment.45

Figure 5B shows Vickers indenter scratch tracks on the
surface of the Al2O3 produced as described above using
different applied normal loads. The average width of the
tracks increased with load, as did the width uniformity.
The tracks appear to consist primarily of plastic deforma-
tion, with some localized chipping on the track edges at
the larger loads, similar to that observed for scratches at
similar loads in polycrystalline Al2O3

23,25,26,29,30 and other
materials;24,27,28,31,32 there was no obvious lateral cracking
and material removal by chipping as observed in some sin-
gle crystals.24,29,30 As noted above, the advantage of such
controlled-flaw scratches is that the scale can be controlled
by the applied normal load, and that will be the major
focus here. In addition, the effects on strength of scratch
length, orientation and position, and environmental expo-
sure can also easily be controlled.

A schematic plan diagram in Figure 5A shows the track
dimensions and the supported contact area during scratch
formation by a Vickers indenter, assuming no elastic recov-
ery of the formed track such that the material supports the
indenter only on the front two pyramidal faces. The transi-
tion from static indentation (left) to steady-state scratching
(right) (similar to that for static to rolling contact for a con-
ical roller20) is indicated by the dashed lines and for illus-
tration is exaggerated in length. The major visible features
of the transition are an increase in the width of the contact
impression track and a suppression of the formation of
half-penny cracks perpendicular to the scratching direction.
Assuming invariant hardness, the half-width of the steady-
state track, w, is given by

H ¼ P=w2 (4)

and thus, combining Equations (2) and (4), w ¼ ffiffiffi
2

p
a.

Comparison of the track width at 3 N, 2w � 30 lm (Fig-
ure 5B) with the contact diagonal, 2a � 20 lm (Figure 4),
at the same load is consistent with this relation. The half-
penny cracks parallel to the scratching direction are the
precursor to the median vent (Figure 1) and are not visible
on the surface, but in the case of the 3 N scratch are likely

about 20 lm deep (Figure 4); the lateral cracks are likely
to be somewhat less in extent.21,25-30,42,43

3 | SCRATCH STRENGTH
DEGRADATION ANALYSIS

Here, a fracture mechanics model is developed to describe
the strength degradation of components by sharp scratches.
The development is deliberately made parallel with the
much more commonly applied fracture mechanics models
of strength degradation by indentation1,5,6 so as to highlight
the similarities and differences.

Under the influence of a subsequently applied uniform
stress (here from biaxial flexure or uniaxial bending), a
contact flaw (here indentation, scratch, or wedge) with its
attendant residual stress field, has a two-component SIF K:

K ¼ Kr þ Ka (indentation); (5a)

K ¼ Ks þ Ka (scratch); (5b)

K ¼ Kw þ Ka (wedge); (5c)

where the applied SIF, Ka, is common to all three contact
flaws and Equation (5) is written to emphasize that the
scratch geometry is intermediate to indentation and wedge.
For a pyramidal contact giving rise to a sharp indentation
(Figure 1A), the residual SIF, Kr, acting on the half-penny
crack (Equation 5a) is stabilizing (dKr=dc\0 ) and given
by

Kr ¼ vP=c3=2 (indentation); (6)

where P is the indentation load, c is the radius of the half-
penny crack, and v is a general value, for non-zero applied
stress, of the dimensionless factor quantifying the effects of
the indentation stress-field and crack geometry. For a
wedge contact giving rise to a line flaw (Figure 1C), the
residual SIF, Kw, acting on the median crack (Equa-
tion 5c) is also stabilizing (dKw=dc \ 0) and given by

Kw ¼ vwPw=c1=2 (wedge); (7)

where Pw is the contact load per length of the wedge, c is
the depth of the median crack, and vw is the dimensionless
factor quantifying the effects of the wedge stress-field and
crack geometry. Before application of the applied stress,
the cracks have stable, initial equilibrium lengths, ci, given
by setting Kr=Tair or Kw=Tair and inverting Equations (6)
and (7) to arrive at

ci ¼ ðvP=TairÞ2=3 (indentation); (8)

ci ¼ ðvwPw=TairÞ2 (wedge): (9)

Equation (8) is identical to Equation (3) above and is
represented in Figure 4 in describing the half-penny crack
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lengths of the Al2O3. Equation (9) is that derived and used
in an earlier work12 to describe the lengths of median
cracks formed by wedge indentation of glass.

For formation of a linear flaw and crack system
shown in Figure 1C,D by extended wedge indentation,
the relationship between the load per length Pw and the
normal load P is simple and linear: Pw=P/L, where L is
the length of the wedge. Plane-strain conditions perpen-
dicular to the linear flaw are maintained during and after
the wedge indentation process. For formation of a linear
flaw and crack by localized translated or rolled contacts,
the relationships between Pw and the normal contact load
P are nonlinear. The simplest relationship is that for a
translated probe in which the included probe angle is
invariant in planes parallel and perpendicular to the trans-
lation direction (i.e., the probe is geometrically similar in
both planes). Examples include a pyramid (eg, a Vickers
indenter) translated perpendicular to the pyramid axis or
a short prism (eg, as drawn in Ref. [19]) translated paral-
lel to the prism axis. During contact, if the translation is
slow or quasi-static, the deformation field adjacent to the
probe is similar to that of an indentation. After contact,
once the probe has formed a linear scratch, plane strain
conditions perpendicular to the scratch pertain, similar to
that for the extended wedge indentation. The similarity of
the final equilibrium deformation states enables the rela-
tion between Pw and P to be obtained by enforcing
equivalency of the widths of the contact impressions. In
the translated probe cases, the supported contact stress,
the hardness H, is given by Equation (4), P/w2=H, as
shown in the schematic diagram of Figure 5A and Ref.
[19]. In the case of the extended wedge indentation, the
supported contact stress is given by Pw/2w=H. Eliminat-
ing w from these two equations gives Pw~P

1/2 and thus
the residual SIF for the scratch-induced median crack, Ks,
(Equation 5b) expressed in terms of the normal load is
given by

Ks ¼ vsP
1=2=c1=2 (scratch); (10)

This load dependence for the scratch residual SIF is
central to the fracture mechanics analysis for strength
developed here. (The development of this SIF by
Symonds et al.19 using the equivalency analysis for geo-
metrically similar translated contacts was not used by
them as all the tests were conducted at one load, and, in
fact, would not have been applicable as the flaws therein
were made by a conical roller which does not maintain
geometrical similarity with contact depth; a roller analy-
sis20 is needed). vs quantifies the general value of the
effects of the scratch residual stress field on the linear
scratch crack and has dimensions of [stress]1/2. Setting
equilibrium and inverting Equation (10) as above gives

the length of the median crack formed at a scratch by a
geometrically similar probe as

ci ¼ ðvsP1=2=TairÞ2 (scratch): (11)

The linear variation in median crack length with normal
load at scratches suggested by Equation (11), ci~P, is con-
sistent with the limited clear experimental observations43,46

(in other experimental works the plotting scheme used, fol-
lowing Equations (8) and (9), and using P for Pw precludes
clear assessment26).

The applied SIF Ka is destabilizing (dKa=dc[ 0 ) and
is given by

Ka ¼ wðsÞrac1=2; (12)

where ra is the applied stress, c is the crack length, and
w(s) is a dimensionless geometry factor, characterizing the
effects of the applied stress on the crack and takes different
values for the indentation and scratch (subcript “s”) flaws.
The applied stress causes failure of a component from a
contact flaw at a stable-to-unstable transition found by
simultaneously imposing equilibrium, K=T0 (Equations 13
below), where the toughness T0 is here taken to be an
invariant inert value in the absence of any reactive species,
and instability, dK=dc ¼ dT0=dc ¼ 0 (Equations 14
below). Combining Equations (5a, 5b, 6, 10, and 12) gives
for these two conditions for each flaw:

vP=c3=2 þ wrac1=2 ¼ T0; (indentation) (13a)

vsP
1=2=c1=2 þ wsrac1=2 ¼ T0; (scratch) (13b)

and

3vP=c3=2 � wrac1=2 ¼ 0; (indentation) (14a)

vsP
1=2=c1=2 � wsrac1=2 ¼ 0; (scratch) (14b)

where the notation (a, indentation) and (b, scratch) will be
used throughout. Combining Equations (13a) and (14a) and
Equations (13b) and (14b) gives the crack lengths at insta-
bility for each flaw type:

cmax ¼ ð4vP=T0Þ2=3 � 42=3ci; (indentation) (15a)

cmax ¼ ð2vsP1=2=T0Þ2 � 4ci; (scratch) (15b)

using Equations (8) and (11), and the stresses at instability
—the component strengths―for each flaw type:

rmax ¼ 3T0=4wc1=2max ¼ 3T4=3
0 =44=3wv1=3P1=3; (indentation)

(16a)

rmax ¼ T0=2wsc
1=2
max ¼ T2

0=4wsvsP
1=2: (scratch) (16b)

The subscript “max” in Equations (15) and (16) indi-
cates that these are the (r, c) configurations at the maxi-
mum sustainable equilibrium stress for flaws generated at
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contact load P. The expression for scratch strength,
Equation (16b), involving cmax was derived by Kirch-
ner,39,42 but the use of Equation (7) rather than Equa-
tion (10) led to an incorrect experimental indentation
load dependence.

The expressions in Equation (16) are for “ideal” contact
flaw strength variations with contact load,1 and are the
asymptotic limits for strength at intermediate loads between
micro- and meso-dominated effects. The effect of increas-
ing the load is to increase the tendency to lateral cracking
at the contact with a consequent reduction in the residual
stress field. This reduction is characterized by modifica-
tions to the v terms:

v ¼ v0= 1þ P=PLð Þ; (indentation) (17a)

vs ¼ v0s=½1þ ðP=PLÞ1=2�; (scratch) (17b)

scaling the decrease in v(s) linearly with the increase in the
residual stress field driving element P or P1/2. The decrease
arises from decreased constraint on the contact-induced
plastic deformation zone as lateral cracks decouple the zone
from the surrounding matrix (Figure 1); Equations (17)
reflect a linear scaling with driving element of the (lateral
crack)/(plastic deformation zone) volume ratio.7 The PL

values characterize the contact load above which lateral
cracking and residual stress field relief become significant.
Effective contact loads are P�

ðsÞ defined such that the resid-
ual SIF is linear in the effective load:

~P ¼ Pð1þ P=PLÞ; such thatvP ¼ v0eP; (indentation)
(18a)

~P1=2
s ¼ P1=2½1þ ðP=PLÞ1=2�; such that

vsP
1=2 ¼ v0~P

1=2
s : (scratch)

(18b)

Simple modification of Equations (16a) and (16b) by
replacing v(s) by v0(s) and P by P�

ðsÞ yields the contact-flaw
strength behavior including the effects of lateral cracking at
large loads:

rmax ¼ 3T4=3
0 =44=3wv1=30

eP1=3

¼ rL
maxð1þ PL=PÞ1=3; (indentation)

(19a)

rmax ¼ T2
0=4wsv0seP 1=2 ¼ rL

max 1þ ðPL=PÞ1=2
h i

; (scratch)

(19b)

where the characteristic lateral-crack corrected strengths are
given by

rL
max ¼ 3T4=3

0 =44=3wv1=30 P1=3
L ; (indentation) (20a)

rL
max ¼ T2

0=4wsv0sP
1=2
L : (scratch) (20b)

The general relations of Equations (19a) and (19b) exhi-
bit concave-up responses, tending to the inverse-load

dependences of Equations (16a) and (16b) at small loads
and the load-invariant strengths of Equations (20a) and
(20b) at large loads.

A further, final effect is that of increasing toughness
with crack length, which in Al2O3 materials derives from
grain interlocking and bridging behind the crack tip. The
toughness increase is described by a crack-length depen-
dent addition to the inert base toughness T0 to give the full
toughness response:

T ¼ T0 þ lf �d�1=2 1� ðd=cÞ3=2
h i

; (indentation) (21a)

T ¼ T0 þ lf �d�1=2 1� ðd=cÞ1=2
h i

; (scratch) (21b)

where the different crack length dependences arise from
the different number of restraining bridging elements gener-
ated by propagating circular or straight crack fronts.47,48

The parameter f* characterizes the average restraining force
per unit length that the bridging elements exert on the
crack periphery and d characterizes the average distance
behind the crack front at which the restraint acts, Figure 2.
l is a dimensionless geometrical factor. There is an asymp-
totically upper limiting value of the toughness at large
crack lengths (c≫d) given by

T1 ¼ T0 þ lf �d�1=2; (22)

at which the bridging elements take-up a steady-state con-
figuration. From an internal, crack-tip, frame of reference,
the bridging elements appear as a negative SIF, Kl cð Þ\0,
added to right side of Equations (5) to make a three-com-
ponent SIF, and the “toughness” is invariant at T0. Equa-
tions (21) and (22) view the system from the external
frame of reference that is important for predicting compo-
nent responses to contacts and applied stresses and treat the
bridging elements as crack-length-dependent “toughening”,
Tl cð Þ ¼ �Kl cð Þ[ 0:1

Characteristic microstructure-related contact loads P*(s)

may be defined, less than which the crack lengths are small
enough that variations in toughness become significant:

v0P� ¼ lf �d; (indentation) (23a)

v0sP
1=2
�s ¼ lf �: (scratch) (23b)

Simple modification of Equations (19a) and (19b) by
replacing T0 by T∞ and ~P by ð~Pþ P�Þor ~P1=2

s by
ð~P1=2

s þ P1=2
�s Þ yields the contact-flaw strength behavior,

including the effects of lateral cracking at large loads and
toughening at small loads:

rmax ¼ 3T4=3
1 =44=3wv1=30 ð~P þ P�Þ1=3

¼ r�
max½1þ P=P�ð Þ= 1þ P=PLð Þ��1=3; (indentation)

(24a)
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rmax ¼ T2
1=4wsv0sð~P1=2

s þP1=2
�s Þ

¼ r�
max 1þ ðP=P�sÞ1=2=ð1þ ðP=PLÞ1=2Þ

h i�1
(scratch)

(24b)

where the characteristic toughening-corrected strengths are
given by

r�
max ¼ 3T4=3

1 =44=3wv1=30 P1=3
� ; (indentation) (25a)

r�
max ¼ T2

1=4wsv0sP
1=2
�s : (scratch) (25b)

The relations of Equations (24a) and (24b) include an
approach to the load-invariant strengths of Equations (25a)
and (25b) at small loads, such that the general response is
sigmoidal: concave-down at small loads and concave-up at
large loads.1,48 The asymptotic limits of Equations (24a)
and (24b) are thus: the microstructural-dominated strengths
at small loads (microscale),

rmax ! r�
maxforP � P�ðsÞ; (26)

the residual stress-field-dominated strengths at intermediate
loads,

rmax ! r�
maxðP=P�Þ�1=3forP� � P � PL; (indentation)

(27a)

rmax ! r�
maxðP=P�sÞ�1=2forP�s � P � PL; (scratch)

(27b)

and, the chipping-dominated strengths at large loads (me-
soscale),

rmax ! r�
maxðPL=P�Þ�1=3

¼ rL
max forP 	 PL; (indentation)

(28a)

rmax ! r�
maxðPL=P�sÞ�1=2 ¼ rL

maxforP 	 PL: (scratch)
(28b)

4 | RESULTS

4.1 | Strength degradation

Degradation of the intrinsic strength by contact flaws was
examined using the A-side squares. Sharp indentations or
sharp scratches (5 mm long) were placed in the centers of
specimens over a load range of 0.013 to 100 N. The speci-
mens were tested as for the intrinsic strength tests and
every specimen was examined by optical microscopy after
failure to ascertain failure or otherwise from the contact
flaw. Figure 6 shows the strength degradation results for
both flaws. The upper shaded band represents the mean
and standard deviation intrinsic strength limits of the A-
side squares, and individual symbols represent individual

contact-flaw failures at the load and strength indicated. At
very small loads (and hence very small flaws), some speci-
mens did not break from the introduced contact flaw but
broke from a pre-existing intrinsic flaw; these specimens
are not included in Figure 6. Figure 6 indicates that sharp
scratches were more potent than indentation flaws in
degrading strength at the same contact load; extremely
small scratch loads, of order 0.01 N (1 gf), were able to
degrade the strength of “pristine” A-side squares, whereas
loads approximately an order of magnitude greater were
required for indentations.

Best-fits to the indentation and scratch strength data
were made using Equations (24a) and (24b) and are shown
as the solid lines in Figure 6. The dashed lines in Figure 6
are the ideal contact flaw asymptotes, Equations (27a) and
(27b), derived from the fits and characterized by
r�
maxP

1=3
� =578 MPa N1/3 and r�

maxP
1=2
�s =263 MPa N1/2 for

the indentations and scratches, respectively. The indentation
flaws best exemplify the ideal dependence as an intermedi-
ate asymptote: at small indentation loads, the measured
strengths are less than this asymptote as microscale varia-
tions in toughness with crack length become significant
and the strengths approach the invariant upper bound of
r�
max, Equation (26); at large indentation loads, the mea-

sured strengths are greater than the ideal asymptote as

FIGURE 6 Inert strength as a function of contact load for a
polycrystalline Al2O3 containing indentation and sharp scratch flaws.
The solid lines are best fits to the strength data using fracture
mechanics models that incorporate microscale toughness effects at
small loads and mesoscale stress-relief effects at large loads. The
dashed lines represent ideal contact flaw strength behavior not
influenced by either of these effects [Color figure can be viewed at
wileyonlinelibrary.com]
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mesoscale lateral-crack stress relaxation effects become sig-
nificant and the strengths approach the invariant lower
bound of rL

max, Equation (28a). In this Al2O3 material, both
these effects are relatively mild over the indentation load
range tested and at intermediate loads the measured
strengths lie on the ideal asymptote, similar to observations
of other relatively small-grained Al2O3 materials (eg,
AD90 and AD9991,11). Larger grain sizes and greater
indentation load ranges lead to much greater deviations,
such that the ideal response does not describe the measured
strengths over any load range (eg, the Vistal-based materi-
als1,11,48).

The solid line best-fit response for the scratch flaws in
Figure 6 bears superficial similarity to that for the indenta-
tion flaws shifted to smaller contact loads. This shift is
quantified by the reduced characteristic indentation loads
for the scratch flaws of P*s=(0.054 � 0.024) N and PL=
(28 � 37) N for the onsets of micro- and mesoscale behav-
ior, respectively, relative to P*=(0.155 � 0.040) N and PL=
(97 � 46) N for the indentation flaws (uncertainties repre-
sent standard deviations of the fit parameters). The indenta-
tion measurements filled the load range between P* and PL,
whereas the scratch measurements were in a load range sub-
stantially less than the analogous value of PL and extended
across P*s. The quantitative shift characterizes a qualitative
difference in the mechanics for the two flaws: The much
shorter cracks associated with the scratch flaws experienced
increases in toughness (Equation 21b) toward the steady-
state level (Equation 22) with increasing flaw and crack
size, whereas the longer indentation cracks experienced
almost no change in toughness from the steady-state level.
Hence, although the best-fit responses in Figure 6 look sim-
ilar, the scratch response (solid line) exhibits much greater
deviation from the ideal asymptote (dashed line) at small
contact loads. Both flaw types approached similar invariant
microscale strength values, r�

max=(1076 � 79) MPa for the
indentation flaws and r�

max=(1131 � 165) MPa for the
scratch flaws, consistent with microstructural control of
strength independent of the nature of the flaw. The invariant
mesoscale strength values for the two flaw types were dif-
ferent, rL

max=(126 � 19) MPa for the indentation flaws and
rL
max=(50 � 22) MPa for the scratch flaws, consistent with

the dependence of lateral cracking and stress relief on flaw
type. The following sections examine the variations in the
strength-degrading potency of the scratch flaws as a func-
tion of scratch length and scratch orientation.

4.2 | Scratch length effects

Figure 7 is a plot of the strength of A-side squares contain-
ing 0.1 N sharp scratches of various lengths. The relation-
ship between w and a, and the measurements in Figure 4
suggest the scratch width 2w was about 5 lm. The

symbols represent the means and standard deviations of
five strength tests at each length. The shaded band repre-
sents the mean and standard deviation limits of the intrinsic
strength. The symbol to the extreme right represents the
scratch length, 5 mm, that was used in the strength degra-
dation study of Figure 6. Decreasing the scratch length by
an order of magnitude to 500 lm did not change the
strength significantly, although there was a slight increase.
Further decreases in length increased the strength signifi-
cantly until the intrinsic strength level was reached for
scratches 30 lm long. An interpretation of Figure 7 is that
sharp scratch flaws in this polycrystalline Al2O3 varied in
their strength-degrading ability along their length. That is,
variations in microstructure from point to point along the
scratch path led to variations in crack depth, crack orienta-
tion, and material toughness from point to point along the
crack front and hence to local variations in the maximum
sustainable stress. Figure 6 suggests that variations in lat-
eral crack effects and hence variations in residual field
along the scratch length were not a factor at this scratch
load. The scratch will begin to fail at the point with the
smallest sustainable stress and this point is thus the most
potent at degrading the component strength. For scratches
longer than 500 lm (about 100 times the width and proba-
bly about 500 times the median crack depth, Figure 4), the
probability of generating a maximally potent point
appeared to be guaranteed and the strength approached a
length-invariant minimum. For scratches shorter than
500 lm, the most strength-degrading point of the scratch
appeared to decrease in potency, until, for scratches shorter

FIGURE 7 Strength of a polycrystalline Al2O3 containing sharp
scratch flaws of various lengths [Color figure can be viewed at
wileyonlinelibrary.com]
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than about 30 lm (about six times the width), the probabil-
ity of any point along the scratch being more potent at
degrading the strength than an intrinsic flaw was zero.

4.3 | Scratch orientation effects

The effect of scratch orientation on strength was studied
using 1-mm long scratches formed with a normal contact
load of 1 N at various angles h to the tensile axis of uniax-
ial bend bars. Figure 8 is a plot of the strength as a func-
tion of scratch angle to the tensile axis. Symbols with error
bars represent the means and standard deviations of five
tests at each angle, and individual symbols represent indi-
vidual strength tests. The lower shaded band in Figure 8
represent the strengths r90 of h=90° scratches lying per-
pendicular to the tensile axis. The upper shaded band repre-
sents the mean and standard deviation limits of the 1 N
indentation flaw strengths from Figure 6. As the angle to
the tensile axis h decreased, the strengths increased and
(not shown) the probability of failure from the introduced
scratch decreased. The strengths increased with decreasing
angle to the tensile axis until the indentation strength limit
was reached. Along with the increase in strength, there was
also a change in failure morphology, as shown in the series
of micrographs of Figure 9. In the micrographs, the tensile
axis is horizontal and the scratches appear as pale lines.
For 90° and 75° scratches, the crack extending to cause
failure followed the scratch track closely along its entire
length, Figure 9A. For 60°, 45°, and 30° scratches, the
extending cracks followed the scratch track for only a

limited distance before diverging to propagate perpendicu-
lar to the tensile axis, Figure 9(B). Extension along the
scratch track decreased with decreasing angle. Once again
an interpretation is that the cracks initiated at the most
potent point along the scratch length. For 15° and 0°
scratches, the cracks initiated at the ends of the scratches
and almost immediately propagated perpendicular to the
tensile axis, Figure 9C. The implication in this case is that
the strength was controlled by the point-flaw-like indenta-
tion contacts at the ends of the scratches, Figure 5B.

The strength increase with decreasing angle can be
described empirically by

r ¼ r90= cosðp=2� hÞforh
 hs;

¼ rind for h\hs
; (29)

where hs is an angle at which the scratch characteristics
dominate the indentation characteristics:

hs ¼ p=2� cos�1ðr90=rindÞ; (30)

and rind is the indentation strength. hs was about 28° here.
The lower solid line in Figure 8 shows the fit from Equa-
tions (29) and (30) for the oriented scratch data and
describes the observations well. The upper dashed line in
Figure 8 shows a prediction by projection of the applied
stress on the flaw, varying as cos2(p/2 � h) in Equa-
tion (29), and overpredicts the strength increase with
decreasing angle, probably as a consequence of the omission
of mixed-mode fracture analysis. The factor of just over two
in strength increase from 90° to 0° scratches is consistent
with some of the earliest studies.22 There was no effect on
strength of scratch placement. Specimens containing 0.1 N,
1 mm scratches placed 20 lm from the edge of the bend bars
exhibited identical strengths to those containing scratches
2 mm from the edge and in the center of the bars (4 mm
from edge). The uniaxial bend strengths of scratched bars
were identical to those of scratched biaxial flexure disks.

4.4 | Aging effects

Exposure to reactive environments can often alter the
geometry of contact flaws, principally by reducing the
residual stress field through the enhanced growth of lateral
cracks.49 Figure 10 plots the inert strength of biaxially
stressed squares containing 3 N indentations or 0.1 N,
5 mm scratch flaws exposed to distilled water. The squares
were indented or scratched in air, immersed in distilled
water for various periods of time, and removed and dried
with an air gun immediately before testing under inert con-
ditions (along with some un-immersed controls). Such a
test mimics the introduction of a contact flaw during a
grinding operation with consequent exposure to cooling
water and varying periods between grinding, drying, and

FIGURE 8 Strength of a polycrystalline Al2O3 containing sharp
scratch flaws at various orientations to the tensile axis of bend bars
[Color figure can be viewed at wileyonlinelibrary.com]
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subsequent stressing of a component. The symbols in Fig-
ure 10 represent the means and standard deviations of five
tests at each exposure time and the shaded bands represent
the mean and standard deviation strength limits of the
unimmersed controls. Although the immersed specimens
containing indentation flaws were somewhat stronger than

the controls and the immersed specimens containing
scratches somewhat weaker, there was neither significant
effect of exposure in either case, nor a trend in strength
with increasing exposure time up to the maximum exposure
of 20 days. Again, this lack of aging effect is consistent
with early studies22 and suggests that lateral crack effects
were established almost immediately during indentation or
scratch contact at the small loads used here.

4.5 | Scratch width verification

The quantitative information presented here can be used in
combination to assess the severity of scratches controlling
intrinsic strengths and thereby provide guidance to design-
ers regarding the treatment and handling of Al2O3 compo-
nents. In particular, the intrinsic strength distribution
measurements (Figure 3), the indentation dimension mea-
surements (Figure 4), and the scratch strength degradation
measurements (Figure 6) can be combined to estimate the
widths of scratches controlling intrinsic strengths. Inversion
of Equation (24b) gives the effective normal contact load
<P> conjugate to an inert strength value, r:

hPi ¼ ½ðr�=r� 1Þ�1P�1=2
� � P�1=2

L ��2: (31)

The effective scratch width 2w is then

2w ¼ 2
ffiffiffi
2

p
a ¼ 2ðhPi=HÞ1=2: (32)

Figure 11A is a histogram of the scratch widths gener-
ated from Equations (31) and (32), the values of r*, P*,

FIGURE 10 Strength of polycrystalline Al2O3 samples
containing indentation or sharp scratch flaws as a function of
exposure time to water post flaw formation prior to strength testing
[Color figure can be viewed at wileyonlinelibrary.com]

200 µm

(A)

(B)

(C)

FIGURE 9 Optical micrographs of the failure locations of a
polycrystalline Al2O3 containing scratch flaws at (A) 75°, (B) 45°,
and (C) 0° to the tensile axis of bend bars
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PL, and H given above, and the intrinsic strengths given in
Figure 3. The first point to note regarding Figure 11A is
that the abscissa is quantitative in an absolute sense—the
scratch width is specified in micrometers rather than a rela-
tive statement regarding “more severe” flaws as in sec-
tion 2.2 above. This absolute specification enables direct
comparison with independent measurements and in this
case would provide component designers with information
regarding the sizes of, or imposed loads on, particles that
might give rise to scratch damage and limit intrinsic
strengths. The second point to note is that the distribution
of scratch widths for the B-side manually sawn samples is
different from that of the A-side automatically sawn sam-
ples: The B-side samples did not exhibit very small
scratches, of order 1 lm, and exhibited a few very large
scratches, one of order 11 lm. Of course, these insights
are consistent with the inferences drawn from the intrinsic
strength distributions of Figure 3, but the quantitative

nature of Figure 11A enables the scratch widths to be com-
pared with direct observation. Figure 11B is a micrograph
of the failure location of the weakest sample from the B-
side distribution, presumably containing the largest scratch.
It is clear that the sample failed from a large scratch pre-
existing on the sample surface; an adjacent scratch is
indeed of width of order 10 lm, consistent with the calcu-
lations of Equations (31) and (32) and Figure 11A and pro-
viding further support for the analysis.

5 | DISCUSSION AND
CONCLUSIONS

The analysis and experimental results presented here make
clear the generality of “indentation fracture mechanics” and
the indentation-strength measurement methodology. The
generality was demonstrated here on the practically impor-
tant case of a straight scratch flaw formed by a translated
sharp contact, extending prior strength analyses1,5,6 beyond
point-localized indentation flaws. The parallel development
of scratch and indentation fracture mechanics in section 3
highlights the ease of generalizing contact-induced strength
degradation analyses for different flaw geometries while
still including lateral crack stress-relief effects at the mesos-
cale and toughening effects at the microscale. For all brittle
materials, incorporation of lateral crack effects in strength
analyses is critical as lateral cracking and chipping is per-
vasive at large contacts in such materials (although the
effect was not dominant here). For many polycrystalline
ceramics, especially Al2O3 as studied here, incorporation of
microstructurally based toughening effects into strength
analyses is critical, as the small-flaw strengths in such
materials are dominated by such effects, as observed in the
scratch strengths of Figure 6. The deviations of the
observed scratch strengths from the ideal contact flaw
response in Figure 6 make clear the necessity for an
expanded fracture mechanics analysis for scratch strength.
Figure 6 also makes clear the advantage of using contact
load as the key variable in framing an indentation-strength
analysis. The load is easily controlled, thereby providing
access to a range of flaw sizes and crack lengths such that
different fracture phenomena can be studied [eg, the three
ranges of behavior specified by Equations (26-28)]. In
addition, the load is easily measured, obviating the need
for crack length measurements (eg, as in Refs. [40, 42])
and ambiguity regarding residual stress state and toughen-
ing influences.

A critical feature of the analysis that enabled the varia-
tion of scratch strength to be described, Figure 6, was the
scaling of the normal contact load, P, acting during forma-
tion of the scratch, with the load/unit length, Pw, character-
izing the residual stress field after the scratch was formed

200 µm

10 µm

(A)

(B)

FIGURE 11 (A) Histogram of the conjugate scratch width
distribution for the intrinsic strength distributions of a polycrystalline
Al2O3 shown in Figure 3. (B) Optical micrograph of the failure
location of the weakest sample from the intrinsic strength distribution
showing the strength-controlling scratch [Color figure can be viewed
at wileyonlinelibrary.com]
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and during subsequent applied stressing, Equations (7) and
(10). This nonlinear scaling, Pw~P

1/2, was a critical ele-
ment omitted by Kirchner et al. in their early analyses of
scratch and grinding damage and strength degradation39,42

and although developed by Symonds et al. was not used in
their study on nonequilibrium scratch failure.19 Here, such
scaling takes a central role. Similar track width equivalence
analyses lead to different scaling relationships when the
symmetry of the included probe angle invariance is broken.
In particular, for a rolled or translated conical probe (a
glass-cutting roller) in which the included probe angle var-
ies with contact depth in the plane parallel to the transla-
tion direction, Kcone=vconeP

2/3/c1/2,20 and for a rolled or
translated spherical probe, in which the included probe
angle varies in planes parallel and perpendicular to the
translation direction, Ksphere=vsphereP

3/4/c1/2, [D.B. Marshall,
private communication (1983)] in direct correspondence to
Equation (10). Using either of these expressions for the
residual SIF in section 3 further highlights the generality of
the fracture mechanics analysis and leads to simple ideal
strength degradation expressions for a conical roller linear
contact, rcone~P

�2/3 (as observed,18,20) and a translated
spherical contact, rsphere~P

�3/4 (to be the topic of a future
work). (Such a strength relation only pertains if the trans-
lated spherical contact generates a plastic deformation
track;50 if the dragged spherical contact is elastic, cone
cracks can develop along the scratch track and the strength
varies as P�1/3 in a variant of Equation (16a).51)

Finally, from a practical point of view, scratches longer
than about 30 lm and oriented at greater than about 30° to
the tensile direction were able to degrade the strength of
the polycrystalline Al2O3 studied here, although the maxi-
mum sustainable stress of a scratch was extremely sensitive
to its length and orientation (Figures 7 and 8). Contact flaw
exposure to water (Figure 10) or proximity to a free edge
had no effect on the sustainable stress. All of these phe-
nomenological observations can provide guidance to com-
ponent designers using polycrystalline Al2O3 in structural
applications and exposed to sharp scratches.
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